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Abstract

We review and investigate lepton flavor models, stemming from discrete non-Abelian flavor
symmetries, described by one or two free model parameters. First, we confront eleven
one- and seven two-parameter models with current results on leptonic mixing angles from
global fits to neutrino oscillation data. We find that five of the one- and five of the two-
parameter models survive the confrontation test at 3σ. Second, we investigate how these
ten one- and two-parameter lepton flavor models may be discriminated at the proposed
ESSnuSB experiment in Sweden. We show that the three one-parameter models that
predict sin δCP = 0 can be distinguished from those two that predict | sin δCP| = 1 by at
least 7σ. Finally, we find that three of the five one-parameter models can be excluded by
at least 5σ and two of the one-parameter as well as at most two of the five two-parameter
models can be excluded by at least 3σ with ESSnuSB if the true values of the leptonic
mixing parameters remain close to the present best-fit values.
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1 Introduction

The flavor puzzle, which consists in understanding the number of fermion generations as well
as the patterns of masses and mixing fermions obey, remains one of the most important
problems in particle physics. It has no description in the Standard Model (SM) and thus calls
for physics beyond the SM. In particular, this new physics is supposed to provide a mechanism
for neutrino mass generation and, ideally, reveal an organizing principle behind the quark and
lepton mixing patterns emerged from the data, if such a principle exists.

The tremendous experimental progress made in neutrino physics in the last two decades
allowed us to establish that two leptonic mixing angles are large, while the third one is rela-
tively small, but non-zero [1]. Such a mixing pattern appears to be very different from that in
the quark sector, where all three mixing angles are small. In the attempts to quantitatively
describe the peculiar structure of leptonic mixing, flavor symmetries have gained a significant
interest. In particular, models based on discrete non-Abelian symmetries, which naturally
allow for rotation in flavor space by fixed large angles, have been extensively studied over the
past years (see Refs. [2–9] for reviews).

The main features of the discrete symmetry approach to lepton flavor include (i) spe-
cific predictions for some of the leptonic mixing angles and the Dirac CP-violating (CPV)
phase, and/or (ii) existence of algebraic relations between some of the mixing parameters.
The latter are commonly referred to as lepton (or neutrino) mixing sum rules (see, e.g.,
Refs. [10–23]). Furthermore, if a discrete flavor symmetry is combined with the so-called
generalized CP symmetry [24–26], predictions for the Majorana CPV phases can also be
obtained (see, e.g., Refs. [24, 27–37]). These phases are present in the Pontecorvo–Maki–
Nakagawa–Sakata (PMNS) leptonic mixing matrix UPMNS if massive neutrinos are Majorana
fermions [38]. However, they do not affect flavor neutrino oscillations [38,39].

The predictions and sum rules for the leptonic mixing angles and the Dirac CPV phase can
be tested at current and, most importantly, future neutrino oscillation experiments [40–50].
Neutrino physics is entering a precision era, which is crucial for probing different flavor models.
At present, the leptonic mixing angle θ13 is the best-measured quantity among the leptonic
mixing parameters. Measurements of this angle with high precision have been performed by
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the reactor neutrino experiments Daya Bay [51,52], Double Chooz [53,54], and RENO [55,56].
The NOνA [57] and T2K [58] long-baseline (LBL) neutrino oscillation experiments provide
measurements of the leptonic mixing angle θ23 as well as the first hints of leptonic CP viola-
tion [59–61]. However, the status of the latter still remains unknown.

The ESSnuSB experiment [62,63] is a future LBL facility proposed to be built in Sweden
that will significantly improve the precision on the leptonic Dirac CPV phase δCP. The novel
feature of ESSnuSB is the measurement of δCP at the second oscillation maximum, where the
measurement of δCP is much less sensitive to systematic errors compared to the measurement at
the first oscillation maximum. Therefore, it has the capability of measuring δCP with excellent
precision even with low statistics. As we will discuss, this would be of paramount importance
for discriminating among various flavor models. The capability of ESSnuSB in measuring the
unknown neutrino oscillation parameters within the standard three-flavor oscillation scenario
has recently been studied in Refs. [64–66]. Other future LBL facilities, which are also capable
of measuring θ23 and δCP with very good precision, are DUNE [67, 68] and T2HK [69] that
are expected to become operational in the next decade. In addition, the proposed medium-
baseline JUNO experiment [70, 71] will improve the precision on the leptonic mixing angle
θ12.

In the present work, we consider several well-motivated lepton flavor models, which lead to
different mixing patterns. Our classification of these patterns is based on the number of free
parameters they depend upon. First, we comment on fully-fixed mixing patterns, which do
not contain any free parameter, and thus, all mixing angles (and sometimes δCP) are predicted
to have certain values. For small (in terms of the number of elements) discrete non-Abelian
groups, such as A4, S4, and A5, some of the angles (typically, but not universally, θ13) turn
out to be many sigmas away from their measured values. Next, we examine scenarios for
which UPMNS depends on one real continuous parameter θ. Such mixing patterns arise from
breaking of a flavor symmetry group Gf combined with a generalized CP symmetry to a
Z2 × CP residual symmetry [24]. As illustrative examples, we consider the patterns derived
from Gf = A4 [28], S4 [24], and A5 [31–33] combined with the CP symmetry. Further, we
explore the mixing patterns obtained from breaking the same flavor symmetries, but with no
CP symmetry, to a Z2 residual symmetry in either the charged lepton or neutrino sector [20].
They are characterized by two real continuous parameters — an angle θ and a phase φ. Finally,
we briefly discuss cases when the leptonic mixing matrix depends on three free parameters
(either two angles and one phase or three angles).

Concentrating on the one- and two-parameter scenarios, we first confront their predictions
with the current global neutrino oscillation data [72,73] (see Refs. [74–76] for alternative global
analyses) to single out those which are well compatible with the data. For the selected models,
we investigate in detail the potential of ESSnuSB to discriminate among them.

This article is organized as follows. In Section 2, we review lepton mixing patterns derived
from discrete non-Abelian flavor symmetries and classify them according to the number of
free parameters they depend upon, whereas in Section 3, we confront the predictions of the
one- and two-parameter scenarios with global neutrino oscillation data. Then, in Section 4,
we describe the ESSnuSB experimental setup, whereas in Section 5, we present the details
of the simulation method used and the statistical analysis performed. Next, in Section 6, we
present and discuss the results of this analysis. Finally, in Section 7, we present a summary
of our work and draw our conclusions.
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2 Lepton Mixing Patterns from Residual Symmetries

In the discrete symmetry approach to lepton flavor, it is assumed that at energies higher
than a certain scale Λ, there exists a flavor symmetry described by a discrete non-Abelian
group Gf . The group needs to be non-Abelian, since only in this case, it has multi-dimensional
(in particular, three-dimensional) irreducible representations to which three lepton SU(2)L
doublets can be assigned. This in turn allows for predictions of the leptonic mixing matrix
(see, e.g., Ref. [9] for more details). At energies below Λ, the flavor symmetry must be
completely broken to account for three distinct charged lepton and neutrino masses. However,
the charged lepton and neutrino mass matrices,Me andMν , may be separately invariant under
non-trivial Abelian subgroups Ge and Gν of Gf . These so-called residual symmetries constrain
Me and Mν , and hence, the form of the unitary matrices Ue and Uν , which diagonalize the
mass matrices as follows

U †eMeM
†
eUe = diag

(
m2
e,m

2
µ,m

2
τ

)
, (2.1)

UTν MνUν = diag (m1,m2,m3) , (2.2)

where mi, i = 1, 2, 3, are three neutrino masses.1 Thus, the form of the leptonic mixing matrix
given by

UPMNS = U †eUν (2.3)

is also constrained. In the so-called standard parametrization [1], UPMNS is expressed in terms
of the three leptonic mixing angles, θ12, θ13, and θ23, the Dirac, δCP, and two Majorana, α21

and α31, CPV phases:

UPMNS =

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13

P , (2.4)

where cij ≡ cos θij , sij ≡ sin θij , P ≡ diag
(
1, eiα21/2, eiα31/2

)
and θij ∈ [0, π/2] = [0, 90◦]

whilst δ, α21, α31 ∈ [−π, π) = [−180◦, 180◦). The diagonal matrix P has a physical meaning
only if massive neutrinos are of Majorana nature.

It can further be shown that depending on Ge and Gν the leptonic mixing matrix is either
completely fixed (up to permutations of rows and columns and external phases) or predicted
to depend on a number of free parameters. In the following subsections, we consider lepton
mixing patterns that arise from particular Ge and Gν . We classify them according to the
number of free parameters entering the predicted form of UPMNS.

2.1 Fully-fixed mixing patterns

If Ge = Zk, k > 2 or Zm×Zn, m,n ≥ 2 and Gν = Z2×Z2, which is the maximal symmetry of
the neutrino Majorana mass matrix,2 UPMNS is completely predicted (up to permutations of
rows and columns and external phases). In this case, putting it into the standard parametriza-
tion [1], one can obtain the values of the leptonic mixing parameters sin2 θ12, sin2 θ13, and
sin2 θ23, as well as the Dirac CPV phase δCP (if θ13 6= 0).

Well-known examples include bimaximal (BM) [77–79], tri-bimaximal (TBM) [80–82], and
golden ratio (GR) [83,84] mixing. All of them are characterized by maximal mixing sin2 θ23 =
1/2 and zero mixing angle θ13 = 0. The difference is in the predicted value of the mixing angle

1For definiteness, we concentrate on the case of Majorana neutrinos. The case of Dirac neutrinos is
analogous to that of charged leptons (see Ref. [20] for details).

2If the smallest neutrino mass is zero, this symmetry is enhanced.
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θ12. Namely, sin2 θ12 = 1/2 for BM, sin2 θ12 = 1/3 for TBM, and sin2 θ12 = 1/(2 +ϕ) ≈ 0.276
for GR mixing, ϕ ≡ (1 +

√
5)/2 being the golden ratio. TBM mixing can be realized by

breaking Gf = S4 to Ge = ZT3 and Gν = ZS2 ×ZU2 [85], where S, T , and U are S4 generators.
It can also arise from Gf = A4 generated by S and T , in that case the U symmetry arises
accidentally [86, 87]. Analogously, BM mixing can be obtained from Gf = S4 broken to
different subgroups [88], while GR mixing can stem from Gf = A5 [89]. Note that the groups
A4, S4, and A5 have a relatively small number of elements, namely, 12, 24, and 60, respectively.
The aforementioned mixing patterns were very appealing before 2012, when the value of θ13
was compatible with zero. Currently, all of them are ruled out.

A complete classification of all possible mixing patterns fully-fixed by the residual sym-
metries Ge and Gν has been performed in Ref. [90]. From 17 sporadic cases and one infinite
series of mixing matrices found therein, only the latter can lead to phenomenologically viable
values of the leptonic mixing angles. Namely, this infinite series is given (up to permutations
of rows and columns) by 3

|UPMNS|2 =
1

3

 1 + Reσ 1 1− Reσ
1 + Re (ωσ) 1 1− Re (ωσ)

1 + Re
(
ω2σ

)
1 1− Re

(
ω2σ

)
 , (2.5)

where σ = e2πip/n and ω = e2πi/3 are roots of unity and p and n are coprime. Thus, for all
viable mixing patterns, we have the following prediction

sin2 θ12 =
1

3
(
1− sin2 θ13

) > 1

3
. (2.6)

Furthermore, sin δCP = 0, i.e., no Dirac CP violation is predicted. A given choice of σ
defines the flavor symmetry group Gf . It turns out that the smallest viable group leading to
n = 9, 18 is (Z18 × Z6) o S3, which has 648 elements. The next “minimal” group implying
n = 11, 22, 33, 66 is ∆(6 × 222), which has order 2904. Such groups are much more complex
(less natural) than those originally proposed for description of the observed lepton mixing
pattern.

2.2 Models with one free parameter

A discrete flavor symmetry can be consistently combined with a generalized CP symmetry [24–
26]. The latter is given by a CP transformation, which can act non-trivially in flavor space.
This action is represented by a unitary symmetric matrix X. The full symmetry group, in this
case GCP, is given by a semi-direct product GCP = Gf oCP [24]. Breaking this symmetry to
Ge = Zk, k > 2 or Zm × Zn, m,n ≥ 2 and Gν = Z2 × CP leads to UPMNS that is defined up
to a rotation Rij(θ) in the neutrino sector. Here, ij refers to the plane of rotation, e.g.,

R13 (θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , (2.7)

where θ is a free real continuous parameter and its fundamental interval is [0, π) = [0, 180◦) [24].
The advantage of this approach is that the Majorana CPV phases are also predicted (contrary
to the case without CP).

In what follows, we consider the lepton mixing patterns originating from S4oCP [24] and
A5 oCP [31–33] broken to the residual symmetries as described above. Note that the results

3The matrix |UPMNS|2 is defined as the matrix with the elements |(UPMNS)`i|
2, ` = e, µ, τ and i = 1, 2, 3.
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Case I II IV V

sin2 θ13
2
3 sin2 θ 2

3 sin2 θ 1
3 sin2 θ 1

3 sin2 θ

sin2 θ12
1

2+cos 2θ
1

2+cos 2θ
cos2 θ

2+cos2 θ
cos2 θ

2+cos2 θ

sin2 θ23
1
2

1
2

(
1−

√
3 sin 2θ

2+cos 2θ

)
1
2

1
2

(
1− 2

√
6 sin 2θ

5+cos 2θ

)
| sin δCP| 1 0 1 0

Table 1: Predictions for the leptonic mixing parameters in terms of the free parameter θ in
Cases I, II, IV, and V originating from GCP = S4 oCP broken to Ge = Z3 and Gν = Z2×CP
derived in Ref. [24].

obtained from A4 oCP [28] are contained in those for S4 oCP [24]. Thus, we do not need to
consider the A4 o CP case separately.

In Ref. [24], it has been shown that fixing Ge = Z3, there are five inequivalent choices
of the Z2 × CP transformations leaving the neutrino sector invariant (due to different Z2

subgroups of S4 and CP transformations X compatible with them). Four of them, denoted
Cases I, II, IV, and V, lead to the results summarized in Table 1. Case III has been found
to be phenomenologically not viable and we do not present it here. Cases I and II realize
the so-called trimaximal (TM) mixing pattern 2 (TM2) [91], for which |(UPMNS)`2|2 = 1/3,
` = e, µ, τ , while Cases IV and V give rise to TM1 [92], characterized by |(UPMNS)e1|2 = 2/3
and |(UPMNS)µ1|2 = |(UPMNS)τ1|2 = 1/6. In particular, Cases I and II lead to Eq. (2.6),4 i.e.,
they predict sin2 θ12 ≥ 1/3, while for Cases IV and V

sin2 θ12 =
1− 3 sin2 θ13

3
(
1− sin2 θ13

) < 1

3
. (2.8)

Furthermore, the following sum rule for cos δCP holds in Cases I and II

cos δCP =

(
1− 2 sin2 θ13

)
cot 2θ23

sin θ13
√

2− 3 sin2 θ13
. (2.9)

In Case I, sin2 θ23 is predicted to be 1/2, and thus, cos δCP = 0. To establish for which
values of θ the Dirac CPV phase δCP = −90◦ and for which it is 90◦, one needs to look
at the rephasing invariant JCP [93] that controls the magnitude of CPV effects in neutrino
oscillations [94]. In terms of the elements of UPMNS, it can be chosen as

JCP = Im [(UPMNS)e1 (UPMNS)∗e3 (UPMNS)∗τ1 (UPMNS)τ3]

=
1

8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP , (2.10)

where in the second line we have reported its expression in the standard parametrization of
the leptonic mixing matrix. Instead, in the parametrization corresponding to Case I, it reads

JCP = −sin 2θ

6
√

3
. (2.11)

Equating (2.10) and (2.11), we find

sin δCP = − sgn (sin 2θ) , i.e., δCP =

{
−90◦ , θ ∈ (0, 90◦) ,

+90◦ , θ ∈ (90◦, 180◦) .
(2.12)

4Note that now all mixing parameters are functions of θ.
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Case VI-a VI-b

sin2 θ13
1
4

(√
2 cos θ + sin θ

)2
sin2 θ12

2
5−cos 2θ−2

√
2 sin 2θ

sin2 θ23
4 sin2 θ

5−cos 2θ−2
√
2 sin 2θ

1− 4 sin2 θ
5−cos 2θ−2

√
2 sin 2θ

sin δCP 0

Table 2: Predictions for the leptonic mixing parameters in terms of the free parameter θ in
the case originating from GCP = S4 oCP broken to Ge = Z4 (or Z2 ×Z2) and Gν = Z2 ×CP
derived in Ref. [24].

In Case II, we have JCP = 0, whilst substituting the expressions for sin2 θij from Table 1
in Eq. (2.9), we obtain

cos δCP = sgn [sin 2θ (1 + 2 cos 2θ)] , (2.13)

i.e.,

δCP =

{
0 , θ ∈ (0, 60◦) ∪ (90◦, 120◦) ,

180◦ , θ ∈ (60◦, 90◦) ∪ (120◦, 180◦) .
(2.14)

Then, Cases IV and V lead to a different sum rule for cos δCP, which reads

cos δCP = −
(
1− 5 sin2 θ13

)
cot 2θ23

2
√

2 sin θ13
√

1− 3 sin2 θ13
. (2.15)

In Case IV, sin2 θ23 = 1/2, and hence, cos δCP = 0. Furthermore, the JCP invariant takes the
following form

JCP = −sin 2θ

6
√

6
, (2.16)

resulting in the same predictions for δCP as in Eq. (2.12). In Case V, JCP = 0, whereas

cos δCP = − sgn [sin 2θ (1 + 5 cos 2θ)] , (2.17)

and

δCP =

{
0 , θ ∈ (50.8◦, 90◦) ∪ (129.2◦, 180◦) ,

180◦ , θ ∈ (0, 50.8◦) ∪ (90◦, 129.2◦) ,
(2.18)

where 50.8◦ and 129.2◦ correspond to arccos(−1/5)/2 and π − arccos(−1/5)/2, respectively.
For Ge = Z4, only one viable case has been found. It leads to the predictions shown in

Table 2. The existence of two solutions, marked as Cases VI-a and VI-b, arises from the
freedom to exchange the second and third rows of the leptonic mixing matrix. For both
solutions, we have

sin2 θ12 =
1

4
(
1− sin2 θ13

) > 1

4
, (2.19)

and in addition, we find that

cos δCP =

(
1− 2 sin2 θ13

)
cos 2θ23 −

(
1− sin2 θ13

)
sin2 θ23

sin 2θ23 sin θ13
√

3− 4 sin2 θ13
in Case VI-a , (2.20)

cos δCP =

(
1− 2 sin2 θ13

)
cos 2θ23 +

(
1− sin2 θ13

)
cos2 θ23

sin 2θ23 sin θ13
√

3− 4 sin2 θ13
in Case VI-b . (2.21)
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Case V VII-a VII-b

sin2 θ13
1−sin 2θ

3
(cos θ−ϕ sin θ)2

4ϕ2

sin2 θ12
1

2+sin 2θ
(ϕ cos θ+sin θ)2

4ϕ2−(cos θ−ϕ sin θ)2

sin2 θ23
1
2

(ϕ2 cos θ−sin θ)2
4ϕ2−(cos θ−ϕ sin θ)2

ϕ2(cos θ+ϕ sin θ)2

4ϕ2−(cos θ−ϕ sin θ)2

| sin δCP| 1 0

Table 3: Predictions for the leptonic mixing parameters in terms of the free parameter θ in
Case V (VII) originating from GCP = A5oCP broken to Ge = Z3 (Z2×Z2) and Gν = Z2×CP
derived in Ref. [31]. The quantity ϕ = (1 +

√
5)/2 is the golden ratio.

Case II III IV

sin2 θ13
3−ϕ
5 sin2 θ ϕ√

5
sin2 θ ϕ√

5
sin2 θ

sin2 θ12
2 cos2 θ

3+2ϕ+cos 2θ
4−2ϕ

5−2ϕ+cos 2θ
4−2ϕ

5−2ϕ+cos 2θ

sin2 θ23
1
2

1
2 −

√
3−ϕ sin 2θ

3ϕ−2+ϕ cos 2θ
1
2

| sin δCP| 1 0 1

Table 4: Predictions for the leptonic mixing parameters in terms of the free parameter θ in
Cases II, III, and IV originating from GCP = A5 oCP broken to Ge = Z5 and Gν = Z2 ×CP
derived in Ref. [31]. The quantity ϕ = (1 +

√
5)/2 is the golden ratio.

Note that these equations are consistent with the fact that under exchange of the second
and the third rows of UPMNS, θ12 and θ13 remain unchanged, while θ23 → π/2 − θ23 and
δCP → δCP + π. The JCP invariant vanishes, which means that |cos δCP| = 1. Substituting
the expressions for sin2 θij given in Table 2 in Eqs. (2.20) and (2.21), we find

cos δCP = ± sgn
[
(1 + 3 cos 2θ)

(√
2 sin θ − cos θ

)]
, (2.22)

where “+” corresponds to Case VI-a and “−” to Case VI-b. This in turn implies that

δCP =

{
0 [180◦] , θ ∈ (35.3◦, 54.7◦) ∪ (125.3◦, 180◦) ,

180◦ [0] , θ ∈ (0, 35.3◦) ∪ (54.7◦, 125.3◦) ,
in Case VI-a [VI-b] . (2.23)

Here, 35.3◦, 54.7◦, and 125.3◦ correspond to arctan(1/
√

2), arccos(−1/3)/2, and π−arccos(−1/3)/2,
respectively. Finally, Ge = Z2 × Z2 leads to the same results as Ge = Z4.

Similarly, lepton mixing patterns originating from GCP = A5oCP broken to Gν = Z2×CP
in the neutrino sector have been derived in Refs. [31–33]. The results for Ge = Z3 (Case V)
and Ge = Z2 × Z2 (Case VII) are presented in Table 3 and those for Ge = Z5 (Cases II, III,
and IV) in Table 4. The case numbering follows Ref. [31]. Several comments are in order.
First, Cases I, VI, and VIII have been found to be not viable, so we do not present them here.
Secondly, since θ is a free parameter and the corresponding rotation can be performed either
clockwise or counterclockwise, we can replace θ → π/4 ± θ. Then, the results for Case V in
Table 3 match those for Case I in Table 1. Thus, these two cases are identical (cf. Ref. [33]).
Further, two solutions in Case VII arise from the exchange of the second and the third rows
of the leptonic mixing matrix. Finally, the predictions in all cases except for Case V involve
the golden ratio ϕ characteristic for the A5 group.
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To establish the values of θ leading to δCP = 0 (−90◦) and those giving rise to δCP =
180◦ (90◦) in Cases VII and III (Cases II and IV), one needs to perform an analysis similar
to that we have described for GCP = S4 o CP. In this work, we do not present the corre-
sponding analytical expressions for the sake of brevity. However, we have established such a
correspondence and used it in our main analyses in Sections 3 and 6.

It is worth noting that all cases in Tables 1–4 predict either CP conservation or maximal
CP violation. In addition, the cases predicting the latter also lead to sin2 θ23 = 1/2. Finally,
for these cases, sin2 θ12 and sin2 θ13 remain invariant under θ → π − θ, whereas δCP changes
from −90◦ to 90◦. This fact will manifest itself in Section 3, where we fit the models to global
neutrino oscillation data.

2.3 Models with two free parameters

Now, if we relax the assumption of generalized CP invariance and break the flavor symmetry
group Gf to either

(A) Ge = Z2 and Gν = Zk, k > 2 or Zm × Zn, m,n ≥ 2,5

or

(B) Ge = Zk, k > 2 or Zm × Zn, m,n ≥ 2 and Gν = Z2,

the leptonic mixing matrix UPMNS is defined up to a complex rotation Uij(θlij , δ
l
ij) in either the

charged lepton (l = e) or neutrino (l = ν) sector and thus contains two free real continuous
parameters. Here, ij refers to the plane in which the rotation is imposed, e.g.,

U13

(
θl13, δ

l
13

)
=

 cos θl13 0 sin θl13e
−iδl13

0 1 0

− sin θl13e
iδl13 0 cos θl13

 . (2.24)

All possible cases of this type have been considered in Ref. [20], where they have been classified
according to the plane in which the free rotation is performed. Below, we summarize the
expressions for sin2 θij , cos δCP, and JCP in terms of the two free parameters. We will use
them further in our statistical analysis.

Case A1. In this case, a fixed part of the leptonic mixing matrix parametrized in terms
of the angles θ◦ij defined by the choice of residual symmetries Ge, Gν ⊂ Gf , is corrected from
the left by U12(θ

e
12, δ

e
12). The leptonic mixing parameters and JCP are given by

sin2 θ13 = cos2 θ sin2 θ◦13 + cos2 θ◦13 sin2 θ sin2 θ◦23 +
1

2
sin 2θ sin 2θ◦13 sin θ◦23 cosφ , (2.25)

sin2 θ23 =
sin2 θ◦13 − sin2 θ13 + cos2 θ◦13 sin2 θ◦23

1− sin2 θ13
, (2.26)

sin2 θ12 =
cos2 θ◦23 sin2 θ

1− sin2 θ13
, (2.27)

cos δCP =
cos2 θ13(sin

2 θ◦23 − cos2 θ12) + cos2 θ◦13 cos2 θ◦23(cos2 θ12 − sin2 θ12 sin2 θ13)

sin 2θ12 sin θ13| cos θ◦13 cos θ◦23|(cos2 θ13 − cos2 θ◦13 cos2 θ◦23)
1
2

, (2.28)

JCP = −1

8
sin 2θ◦13 sin 2θ◦23 cos θ◦23 sin 2θ sinφ , (2.29)

5Note that here we consider both Majorana and Dirac neutrinos. In the latter case, Gν can be different
from Z2 or Z2 × Z2.
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where θ ∈ [0, π) = [0, 180◦) and φ ∈ [0, 2π) = [0, 360◦) are free parameters related to θe12 and
δe12 (see Appendix B of Ref. [20] for details). From Eqs. (2.26) and (2.28), we see that in this
case there are two relations not explicitly involving the free parameters: (i) between sin2 θ23
and sin2 θ13 and (ii) among cos δCP, θ12, and θ13. This can be expected, since four observables
(sin2 θij and δCP) have been expressed in terms of two parameters (θ and φ). To obtain the
value of δCP for given (θ, φ), the expression for JCP in Eq. (2.29) has to be compared to
its expression in the standard parametrization given in Eq. (2.10). We note that sin2 θij in
Eqs. (2.25)–(2.27), and hence, cos δCP in Eq. (2.28), depend on θ and φ via sin2 θ and the
product sin 2θ cosφ. There are two transformations that leave them invariant:{

θ → π − θ
φ→ π − φ

and φ→ 2π − φ . (2.30)

Under both of these transformations, JCP changes sign, and as a consequence, also δCP →
−δCP. Thus, for given (θ, φ), we have four solutions that lead to the same values of sin2 θij ,
of which two — (θ, φ) and (π − θ, π + φ) — give δCP and the other two — (π − θ, π − φ)
and (θ, 2π−φ) — yield −δCP. This observation applies to all two-parameter cases considered
below.

Case A2. In this case, the corresponding free rotation matrix is U13(θ
e
13, δ

e
13). The leptonic

mixing angles, cos δCP, and JCP are defined by

sin2 θ13 = sin2 θ cos2 θ◦23 , (2.31)

sin2 θ23 =
sin2 θ◦23

1− sin2 θ13
, (2.32)

sin2 θ12 =
cos2 θ sin2 θ◦12 + cos2 θ◦12 sin2 θ sin2 θ◦23 − 1

2 sin 2θ sin 2θ◦12 sin θ◦23 cosφ

1− sin2 θ13
, (2.33)

cos δCP =
cos2 θ13(cos2 θ12 − cos2 θ◦12 cos2 θ◦23)− sin2 θ◦23(cos2 θ12 − sin2 θ12 sin2 θ13)

sin 2θ12 sin θ13| sin θ◦23|(cos2 θ13 − sin2 θ◦23)
1
2

, (2.34)

JCP =
1

8
sin 2θ◦12 sin 2θ◦23 cos θ◦23 sin 2θ sinφ . (2.35)

The free parameters θ and φ are related to θe13 and δe13. As in the previous case, we find sum
rules for sin2 θ23 and cos δCP.

Case A3. The correction to a fixed part of UPMNS due to U23(θ
e
23, δ

e
23) leads to

sin2 θ13 = sin2 θ◦13 , (2.36)

sin2 θ23 = sin2 θ , (2.37)

sin2 θ12 = sin2 θ◦12 , (2.38)
cos δCP = ± cosφ , (2.39)
sin δCP = ∓ sinφ . (2.40)

Therefore, while the mixing angles θ12 and θ13 are predicted to have certain fixed values, the
mixing angle θ23 and the Dirac CPV phase δCP remain unconstrained in this case.

Case B1. For pattern B, the leptonic mixing matrix is defined up to a free complex
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rotation from the right. If this rotation is U13(θ
ν
13, δ

ν
13), one has

sin2 θ13 = cos2 θ◦12 sin2 θ , (2.41)

sin2 θ23 =
cos2 θ◦23 sin2 θ sin2 θ◦12 + cos2 θ sin2 θ◦23 − 1

2 sin 2θ sin 2θ◦23 sin θ◦12 cosφ

1− sin2 θ13
, (2.42)

sin2 θ12 =
sin2 θ◦12

1− sin2 θ13
, (2.43)

cos δCP =
cos2 θ13(cos2 θ23 − cos2 θ◦12 cos2 θ◦23)− sin2 θ◦12(cos2 θ23 − sin2 θ13 sin2 θ23)

sin 2θ23 sin θ13| sin θ◦12|(cos2 θ13 − sin2 θ◦12)
1
2

, (2.44)

JCP = −1

8
sin 2θ◦23 sin 2θ◦12 cos θ◦12 sin 2θ sinφ , (2.45)

where θ and φ are related to θν13 and δν13 and the angles θ◦ij are fixed once the residual sym-
metries Ge and Gν originating from breaking Gf are specified. This case is characterized by
the sum rules for sin2 θ12 and cos δCP, i.e., Eqs. (2.43) and (2.44), respectively.

Case B2. In the case of U23(θ
ν
23, δ

ν
23), the leptonic mixing parameters and JCP are given

by

sin2 θ13 = cos2 θ◦13 sin2 θ◦12 sin2 θ + sin2 θ◦13 cos2 θ +
1

2
sin 2θ sin 2θ◦13 sin θ◦12 cosφ , (2.46)

sin2 θ23 =
cos2 θ◦12 sin2 θ

1− sin2 θ13
, (2.47)

sin2 θ12 =
cos2 θ13 − cos2 θ◦12 cos2 θ◦13

1− sin2 θ13
, (2.48)

cos δCP =
cos2 θ13(sin

2 θ◦12 − cos2 θ23) + cos2 θ◦12 cos2 θ◦13(cos2 θ23 − sin2 θ13 sin2 θ23)

sin 2θ23 sin θ13| cos θ◦12 cos θ◦13|(cos2 θ13 − cos2 θ◦12 cos2 θ◦13)
1
2

, (2.49)

JCP =
1

8
sin 2θ◦13 sin 2θ◦12 cos θ◦12 sin 2θ sinφ . (2.50)

Here, θ and φ are free parameters arising from θν23 and δν23. Analogously to the previous case,
sin2 θ12 is related to sin2 θ13 via Eq. (2.48), while cos δCP is expressed in terms of θ13 and θ23
through Eq. (2.49).

Case B3. For U12(θ
ν
12, δ

ν
12), the following simple relations hold

sin2 θ13 = sin2 θ◦13 , (2.51)

sin2 θ23 = sin2 θ◦23 , (2.52)

sin2 θ12 = sin2 θ , (2.53)
cos δCP = ± cosφ , (2.54)
sin δCP = ± sinφ , (2.55)

i.e., while the mixing angles θ13 and θ23 are predicted to have certain fixed values, the mixing
angle θ12 and the Dirac CPV phase δCP remain unconstrained.

It is worth noting that Cases A1, A2, B1, and B2 lead to non-trivial predictions for the
Dirac CPV phase δCP. The study of these cases for Gf = A4, S4, and A5 and all their Abelian
subgroups, which can play the role of the residual symmetries Ge and Gν , has been performed
in Refs. [20,21] in light of global neutrino oscillation data. For Gf = S4, only two viable cases
have been found [21]. We display the corresponding residual symmetries and the values of the
parameters sin2 θ◦ij fixed by them in Table 5. For Gf = A5, there are six viable cases [21],
which we summarize in Table 6. Irrational values of sin2 θ◦ij quoted therein can be expressed
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Ge Gν Case sin2 θ◦12 sin2 θ◦13 sin2 θ◦23

Z3 Z2

B1 1/3 − 1/2

B2 (S4) 1/6 1/5 −

Table 5: Values of the fixed parameters sin2 θ◦ij for viable cases originating from Gf = S4

broken to the residual symmetries Ge and Gν , as derived in Ref. [20] (see also Ref. [21]). The
entries marked with “−” are not relevant.

Ge Gν Case sin2 θ◦12 sin2 θ◦13 sin2 θ◦23

Z2 Z3

A1 (A5) − 0.226 0.436

A2 (A5) 0.226 − 0.436

Z3 Z2 B1 1/3 − 1/2

Z5 Z2 B1 (A5) 0.276 − 1/2

Z2 × Z2 Z2

B2 (A5) 0.095 0.276 −
B2 (A5 II) 1/4 0.127 −

Table 6: Values of the fixed parameters sin2 θ◦ij for viable cases originating from Gf = A5

broken to the residual symmetries Ge and Gν , as derived in Ref. [20] (see also Ref. [21]). The
entries marked with “−” are not relevant.

in terms of the golden ratio ϕ as follows [20]: 2/(4ϕ2 − ϕ) ≈ 0.226, ϕ/(6ϕ − 6) ≈ 0.436,
1/(2 + ϕ) ≈ 0.276, 1/(4ϕ2) ≈ 0.095, and 1/(3 + 3ϕ) ≈ 0.127. Finally, we notice that Case B1
common to both S4 and A5 can also be realized from A4. In fact, it is the only viable case
arising from A4 broken to non-trivial Ge and Gν [20].

2.4 Models with three free parameters

Here, we briefly discuss the scenarios for which UPMNS depends on three free parameters. For
instance, this happens if Gf is broken to Ge = Z2 and Gν = Z2. In this case both Ue and
Uν are defined up to complex rotations. Thus, naively, we have four free parameters — two
angles and two phases. However, as demonstrated in Ref. [20], the number of free parameter
reduces to three — two angles and one phase — after an appropriate rearrangement. Since
four observables are now expressed in terms of three parameters, one relation between the
observables can be expected. Indeed, depending on the planes in which the two complex
rotations are imposed, either cos δCP is determined by the mixing angles or one relation among
the latter is found.

Another example of a three-parameter setup is given by Ge = Z2 and Gν = Z2 × CP. In
this case, the free rotation in the neutrino sector is real. Such a breaking pattern has been
investigated in Ref. [37] for GCP = S4oCP and in Ref. [34] for GCP = A5oCP. Furthermore,
if Ge is larger than Z2 and a single residual CP transformation is preserved in the neutrino
sector, UPMNS depends on three free angles [36].

Finally, there exists a possibility that Gf is fully broken in the charged lepton (neutrino)
sector, while the form of the matrix Uν (Ue) is fully determined by a residualGν (Ge) symmetry
(which is larger than Z2). In such a case, the unitary matrix Ue (Uν) is unconstrained, unless
its form is motivated by some additional arguments. A well-studied example is given by
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Parameter Best-fit value with 1σ error 3σ range

sin2 θ12 0.310+0.013
−0.012 (0.275, 0.350)

sin2 θ13 0.02237+0.00066
−0.00065 (0.02044, 0.02435)

sin2 θ23 0.563+0.018
−0.024 (0.433, 0.609)

δCP

(
221+39
−28
)◦

(144◦, 357◦)

∆m2
21 (7.39+0.21

−0.20) · 10−5 eV2 (6.79, 8.01) · 10−5 eV2

∆m2
31 +(2.528+0.029

−0.031) · 10−3 eV2 +(2.436, 2.618) · 10−3 eV2

Table 7: Current best-fit values of the leptonic mixing parameters with their corresponding
1σ errors and 3σ ranges from NuFIT 4.1 [July 2019, normal neutrino mass ordering (NO) with
atmospheric neutrino oscillation data from Super-Kamiokande (SK)], see Ref. [73].

U †e = U12(θ
e
12, δ

e
12)U23(θ

e
23, δ

e
23) and Uν being the BM, TBM, or GR mixing matrix. In this

case, Ue provides necessary corrections to Uν , in particular, generating a non-zero θ13 and
shifting θ12 from its leading order value θν12.6 Such scenario leads to the following sum rule [17]

cos δCP =
tan θ23

sin 2θ12 sin θ13

[
cos 2θν12 +

(
sin2 θ12 − cos2 θν12

) (
1− cot2 θ23 sin2 θ13

)]
. (2.56)

It has been studied in detail in Refs. [18,43] and the effects of renormalization group evolution
of the leptonic mixing parameters on its predictions have been further investigated in Refs. [95,
96]. In Ref. [47], this sum rule has been thoroughly analyzed in the context of DUNE and
T2HK. Alternative sum rules arising from the charged lepton corrections have been derived
in Ref. [19].

In the next section, we will confront eleven one-parameter mixing patterns (see Tables 1–4)
and seven two-parameter ones (see Tables 5–6) with the current global neutrino oscillation
data. Note that we will not consider the two-parameter Cases A3 and B3, since they do not
lead to predictions for cos δCP [cf. Eqs. (2.39) and (2.54)]. Finally, we will consider neither
fully-fixed mixing patterns nor those depending on three free parameters. While the former
to be viable requires very large discrete groups (see Subsection 2.1), the predictive power of
the latter is less than that of models with one or two free parameters.

3 Confronting the Flavor Models with Global Neutrino Oscil-
lation Data

Fits to global neutrino oscillation data have basically been performed by three groups (see
Refs. [72,74,76]). In our analysis, we use the results of the so-called NuFIT group announced in
July 2019 [73]. In Table 7, we list the current best-fit values of the leptonic mixing parameters
as well as their corresponding 1σ errors and 3σ ranges. In order to confront the one- and
two-parameter lepton flavor models discussed in Section 2 with global neutrino oscillation
data and to determine the allowed values of the model parameters, we define the χ2 function
as follows

χ2(θ) =

[
sin2 θ12(θ)− sin2 θ12

σ(sin2 θ12)

]2
+

[
sin2 θ13(θ)− sin2 θ13

σ(sin2 θ13)

]2
+

[
sin2 θ23(θ)− sin2 θ23

σ(sin2 θ23)

]2
(3.1)

6We abuse the notation θν12, which here denotes the value of θ12 for BM, TBM, or GR mixing, and not a
free parameter as in Subsection 2.3.
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for the one-parameter models and

χ2(θ, φ) =

[
sin2 θ12(θ, φ)− sin2 θ12

σ(sin2 θ12)

]2
+

[
sin2 θ13(θ, φ)− sin2 θ13

σ(sin2 θ13)

]2
+

[
sin2 θ23(θ, φ)− sin2 θ23

σ(sin2 θ23)

]2
(3.2)

for the two-parameter models, where the parameter values have been chosen as sin2 θ12 =
0.310, sin2 θ13 = 0.02237, and sin2 θ23 = 0.563 and the errors have been assumed to be
σ(sin2 θ12) = 0.013, σ(sin2 θ13) = 0.00066, and σ(sin2 θ23) = 0.024.

In Table 8, we present the results of our fits including the minimal values of the χ2 function
(i.e., χ2

min ) for the eleven relevant one-parameter models and the seven relevant two-parameter
models and rearrange them according to how well they fit the data of NuFIT 4.1. In addition,
we give the best-fit values of the corresponding model parameters. In the case of the one-
parameter models, the best-fit parameter and its corresponding 3σ interval are denoted θbf and
θ3σ, respectively, whereas in the case of the two-parameter models, the best-fit parameters and
their corresponding 3σ intervals are denoted by θbf , θ3σ and φbf , φ3σ, respectively. To calculate
the 3σ intervals for both one- and two-parameter models, we impose χ2 − χ2

min = 32 = 9,
corresponding to one degree of freedom (d.o.f.). In fact, this holds also for the two-parameter
models, since presenting the 3σ interval for one of the two parameters, we minimize χ2 over the
other parameter. Note that the model parameters θ and φ have different meaning for different
models. In Table 9, as an outcome of the minimization of the χ2 function, we display the best-
fit values of the leptonic mixing parameters sin2 θ12(bf), sin2 θ13(bf), and sin2 θ23(bf), which
are evaluated at the best-fit values of the model parameters. Note that some of the models
have fixed values of some of the leptonic mixing parameters, which stems from the fact that
these parameters are independent from the corresponding model parameters. For example,
sin2 θ23(bf) = 1/2 for Models 1.3, 1.5, 1.6, and 1.9. Furthermore, we calculate the predicted
values of the CPV phase δCP for the various one- and two-parameter models at the best-fit
values of the corresponding model parameters (given in Table 8), which are also presented in
Table 9. We observe that all one-parameter models have fixed values of δCP, which are either 0
and 180◦ (CP conservation) or −90◦ and 90◦ (maximal CP violation) and these values are, by
construction, given by the respective model. For the two-parameter models, it is interesting
to note that the negative values of δCP for Models 2.3–2.5 and 2.7 are within the 1σ interval
of (−167◦,−100◦) [73].

In Figs. 1 and 2, we show the predictions of the leptonic mixing parameters in different
planes for the eleven one- and the seven two-parameter models, respectively. To produce Fig. 1,
we vary the model parameter θ in the 3σ interval for the one-parameter models as given in
Table 8 and obtain the values of the leptonic mixing angles for each value of θ using the
relations given in Tables 1–4. We plot the obtained leptonic mixing parameters against each
other. Since all relations between θ and the angles are rather simple, this method is sufficient
to describe the allowed parameter space of the one-parameter models. On the other hand,
for the two-parameter models, some of the relations between the free parameters θ and φ and
the leptonic mixing parameters are simpler and some of them are more complex. Therefore, to
generate Fig. 2, we generate values of θ and φ with a probability density proportional to e−χ2/2

for each model, where χ2 is the function given in Eq. (3.2). We then draw the smallest possible
regions in the predicted parameter space containing 95 % of the generated combinations. For
the cases, where the models predict a direct relation between the two parameters plotted, e.g.,
if θ23 can be written as a function of θ13 only, we draw a curve on which 95 % of the generated
parameter combinations lie.
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Model Case χ2
min θbf θ3σ φbf φ3σ

1.1 VII-b (A5) 5.37 17.0◦ (16.3◦, 17.7◦) − −
1.2 III (A5) 5.97 169.9◦ (169.4◦, 170.4◦) − −

IV (S4)
15.0◦ (14.3◦, 15.7◦) − −

1.3 7.28
165.0◦ (164.3◦, 165.7◦) − −

1.4 II (S4) 8.91 169.5◦ (169.0◦, 170.0◦) − −

IV (A5)
10.1◦ (9.6◦, 10.6◦) − −

1.5 11.3
169.9◦ (169.4◦, 170.4◦) − −

I (S4)
10.5◦ (10.0◦, 11.1◦) − −

1.6 12.6
169.5◦ (168.9◦, 170.0◦) − −

1.7 VII-a (A5) 14.8 16.9◦ (16.2◦, 17.6◦) − −
1.8 VI-b (S4) 18.1 115.3◦ (114.8◦, 115.8◦) − −

II (A5)
16.5◦ (15.7◦, 17.3◦) − −

1.9 21.8
163.5◦ (162.7◦, 164.3◦) − −

1.10 V (S4) 36.8 165.2◦ (164.4◦, 165.9◦) − −
1.11 VI-a (S4) 53.8 115.3◦ (114.8◦, 115.8◦) − −

A1 (A5)
47.2◦ (43.2◦, 50.9◦) 163.2◦ (158.0◦, 180◦]

2.1 0.151
132.8◦ (129.1◦, 136.8◦) 16.8◦ [0, 22.0◦)

B2 (S4)
54.4◦ (49.3◦, 59.7◦) 149.7◦ (148.0◦, 154.3◦)

2.2 0.386
125.6◦ (120.3◦, 130.7◦) 30.3◦ (25.7◦, 32.0◦)

B2 (A5)
51.3◦ (48.2◦, 56.0◦) 161.4◦ (150.4◦, 180◦]

2.3 2.49
128.7◦ (124.0◦, 131.8◦) 18.6◦ [0, 29.6◦)

B1 (A5)
10.1◦ (9.6◦, 10.6◦) 132.6◦ (84.4◦, 180◦]

2.4 4.40
169.9◦ (169.4◦, 170.4◦) 47.4◦ [0, 95.6◦)

B1
10.5◦ (10.0◦, 11.0◦) 126.4◦ (85.1◦, 180◦]

2.5 5.67
169.5◦ (169.0◦, 170.0◦) 53.6◦ [0, 94.9◦)

B2 (A5 II)
52.2◦ (50.1◦, 52.9◦) 180◦ (164.7◦, 180◦]

2.6 14.8
127.8◦ (127.1◦, 129.9◦) 0 [0, 15.3◦)

A2 (A5)
11.5◦ (10.9◦, 12.0◦) 132.4◦ (108.6◦, 180◦]

2.7 23.6
168.5◦ (168.0◦, 169.1◦) 47.6◦ [0, 71.4◦)

Table 8: Fits of the 18 one- and two-parameter models to global neutrino oscillation data
from NuFIT 4.1 (July 2019, NO with SK atmospheric data) [73]. See also Table 7. Note
that there are four degenerate best-fit points (θbf , φbf) for each two-parameter model (i.e.,
Models 2.1–2.7) that lead to the same value of the χ2

min function. Two best-fit points are
presented for each model and the other two can be found performing the replacement rule
φbf → 2π − φbf . In addition, the two presented best-fit points for each model are related by
the simultaneous replacement of θbf → π − θbf and φbf → π − φbf .
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Figure 1: Prediction of leptonic mixing angles for the eleven one-parameter models. The lines
show the allowed values of the leptonic mixing angles for the 3σ intervals θ3σ of the respective
model parameters θ given in Table 8. The white areas show the allowed 3σ regions of the
leptonic mixing angles from fits to global neutrino oscillation data, whereas the gray-shaded
areas show the corresponding excluded regions. A star (“?”) indicates the present best-fit
values of the leptonic mixing angles from global neutrino oscillation data. Top panel: sin2 θ13
– sin2 θ12. Middle panel: sin2 θ13 – sin2 θ23. Bottom panel: sin2 θ12 – sin2 θ23.
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Model χ2
min sin2 θ12(bf) sin2 θ13(bf) sin2 θ23(bf) δCP

1.1 5.37 0.331 0.0223 0.523 180◦

1.2 5.97 0.283 0.0223 0.593 180◦

1.3 7.28 0.318 0.0224 1
2 {−90◦, 90◦}

1.4 8.91 0.341 0.0223 0.606 180◦

1.5 11.3 0.283 0.0224 1
2 {−90◦, 90◦}

1.6 12.6 0.341 0.0223 1
2 {−90◦, 90◦}

1.7 14.8 0.330 0.0227 0.480 0

1.8 18.1 0.256 0.0224 0.582 0

1.9 21.8 0.260 0.0223 1
2 {−90◦, 90◦}

1.10 36.8 0.318 0.0219 0.707 0

1.11 53.8 0.256 0.0226 0.418 180◦

2.1 0.151 0.310 0.0224 0.554 {−41.9◦, 41.9◦}
2.2 0.386 0.318 0.0224 0.563 {74.0◦,−74.0◦}
2.3 2.49 0.330 0.0224 0.563 {145.2◦,−145.2◦}
2.4 4.40 0.283 0.0224 0.563 {−132.1◦, 132.1◦}
2.5 5.67 0.341 0.0223 0.563 {−125.7◦, 125.7◦}
2.6 14.8 0.330 0.0227 0.480 0

2.7 23.6 0.310 0.0224 0.446 {138.1◦,−138.1◦}

Table 9: Best-fit values of leptonic mixing parameters sin2 θ12(bf), sin2 θ13(bf), and
sin2 θ23(bf) for the 18 one- and two-parameter models (including the predicted values of δCP

for each model), using the best-fit values of the model parameters given in Table 8. Note that
for the models that predict δCP ∈ {δ1, δ2}, δ1 corresponds to the first presented best-fit point
in Table 8 with θbf < 90◦, whereas δ2 corresponds to the second one with θbf > 90◦.

From Fig. 1 for the eleven one-parameter models, we note that the allowed values of
(i) sin2 θ12 (i.e., the values within the 3σ intervals of the model parameter) for Models 1.8,
1.9, and 1.11 (see top panel), (ii) sin2 θ23 for Models 1.10 and 1.11 (see middle panel), and
(iii) sin2 θ12 and/or sin2 θ23 for Models 1.8–1.11 (see bottom panel) lie totally outside their
individual 3σ regions from the global fit of NuFIT 4.1. From this figure, we also see that
Models 1.1, 1.2, 1.4, 1.8, and 1.10 predict θ23 > 45◦, Models 1.3, 1.5, 1.6, and 1.9 predict
θ23 = 45◦, and Models 1.7 and 1.11 predict θ23 < 45◦. In conclusion, Models 1.8–1.11 predict
values of the leptonic mixing angles which fall outside the current 3σ regions from the global
fit of NuFIT 4.1. In addition, the values of χ2

min for Models 1.6–1.11 are all above 11.83
(see Table 8 or 9), which corresponds to 3σ for 2 d.o.f.,7 whereas for Models 1.1–1.5, the

7Note that the one-parameters models are fitted to three data points, so in this case, the number of degrees
of freedom is 3− 1 = 2.
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Figure 2: Prediction of leptonic mixing parameters for the seven two-parameter models. The
curves show the allowed contours of the leptonic mixing parameters for the 3σ intervals θ3σ
and φ3σ of the respective model parameters θ and φ given in Table 8. The white areas show
the allowed 3σ regions of the leptonic mixing angles from fits to global neutrino oscillation
data, whereas the gray-shaded areas show the corresponding excluded regions. A star (“?”)
indicates the present best-fit values of the leptonic mixing parameters from global neutrino
oscillation data. Top-left panel: sin2 θ13 – sin2 θ12. Top-right panel: sin2 θ12 – sin2 θ23. Middle-
left panel: sin2 θ13 – sin2 θ23. Middle-right panel: sin2 θ12 – δCP. Bottom-left panel: sin2 θ13 –
δCP. Bottom-right panel: sin2 θ23 – δCP.

corresponding values are all below 3σ. Therefore, we deem Models 1.6–1.11 as excluded at
3σ or more by the current data. Let us understand why, among the allowed one-parameter
models (i.e., Models 1.1–1.5), Model 1.1 gives the best fit to the data and Model 1.5 the worst.
From Fig. 1, we note that these models do not give any restrictions on sin2 θ13 (except from
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Model 1.4), and therefore, the fits mainly depend on the pulls of the predictions for sin2 θ12
and sin2 θ23. The distance between the prediction of a given model and the best-fit point
in the model parameter space basically determines the value of χ2

min of that model in terms
of the pulls of the three different leptonic mixing angles. Thus, this distance increases with
increasing model number, and therefore, Model 1.1 leads to the best fit and Model 1.5 to the
worst.

Next, from Fig. 2 for the seven two-parameter models, we observe that all seven models
predict leptonic mixing angles within the 3σ regions of the global fit of NuFIT 4.1, since
none of the contours displayed in the six panels lie totally outside these 3σ regions. Fur-
thermore, it is interesting to note that Models 2.6 and 2.7 predict the lower octant (LO) of
θ23 (see top-right, middle-left, and bottom-right panels), whereas Models 2.1–2.5 predict the
higher octant (HO). In addition, the intervals of δCP predicted by the different two-parameter
models are: δCP ∈ (±11.6◦,±62.2◦) (Model 2.1), δCP ∈ (±58.7◦,±87.6◦) (Model 2.2), δCP ∈
(±125.2◦,±180◦] (Model 2.3), δCP ∈ (±96.0◦,±180◦] (Model 2.4), δCP ∈ (±100.5◦,±180◦]
(Model 2.5), δCP ∈ [0,±24.9◦) (Model 2.6), and δCP ∈ (±117.6◦,±169.5◦) (Model 2.7). This
means that Models 2.3–2.6 are compatible with CP conservation, Model 2.2 with close to max-
imal CP violation, whereas Models 2.1 and 2.7 are compatible with neither CP conservation
nor maximal CP violation. Now, let us understand why different two-parameter models give
different fits to the data of NuFIT 4.1. Here, we also note that the two-parameter models
do not put any restrictions on sin2 θ13, and therefore, the fits depend on their predictions
for sin2 θ12 and sin2 θ23. From the top-right panel of Fig. 2, we see that Model 2.1 predicts
sin2 θ12 and sin2 θ23 closest to the current best-fit point, whereas Model 2.7 predicts sin2 θ12
and sin2 θ23 furthest from the current best-fit point. This is the reason why Model 2.1 gives
the best fit to the data and Model 2.7 the worst. From this panel, it is also easy to understand
why the fits of Models 2.2–2.6 lie in between the fits of Models 2.1 and 2.7. Note that among
the seven two-parameter models, Models 2.6 and 2.7 have values of χ2

min larger than 9, i.e.,
3σ for 1 d.o.f.

Thus, confronting the 18 one- and two-parameter lepton flavor models with global neutrino
oscillation data by NuFIT 4.1, we conclude that Models 1.1–1.5 and 2.1–2.5 are allowed at
3σ, whereas Models 1.6–1.11, 2.6, and 2.7 are excluded at 3σ or more by the current data.
For the analysis of the models with ESSnuSB, we consider only those models that are allowed
by the current data at 3σ. Therefore, in the next three sections, we will address these ten
models, i.e., Models 1.1–1.5 and 2.1–2.5, with ESSnuSB.

4 Experimental Setup of ESSnuSB

The ESSnuSB experiment [62,63] is a proposed long-baseline neutrino oscillation experiment
in Sweden and mainly designed to measure potential leptonic CP violation with excellent
precision. In our work, we use exactly the same configuration of ESSnuSB as was used to
generate the results of Ref. [66]. In the original experimental setup of ESSnuSB, the second
peak of the neutrino oscillation probability was identified to be optimal to maximize the CP
violation discovery potential. The source of neutrinos is a beam of power 5 MW capable of
delivering protons of energy 2.5 GeV corresponding to 2.7× 1023 protons on target per year,
situated at the European Spallation Source (ESS) in Lund, Sweden. The detector is 1 Mt
MEMPHYS-like water-Cherenkov detector [97] located at a distance of 540 km away from the
source in the mine in Garpenberg, Sweden. We assume a total running time of 10 years with
5 years in neutrino mode and 5 years in antineutrino mode. In our analysis, we also consider
an identical near detector having mass of 0.1 kt and located at a distance of 500 m away from
the source. For the near detector, the fluxes are simulated at a distance of 1 km from the
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Systematics Error

Fiducial volume of near detector 0.5 %

Fiducial volume of far detector 2.5 %

Flux error for ν 7.5 %

Flux error for ν̄ 15 %

Neutral current background 7.5 %

Cross section × efficiency QE 15 %

Ratio νe/νµ QE 11 %

Table 10: Considered values of the systematic errors. The abbreviation QE stands for “quasi-
elastic”.

target station, whereas for the far detector, they are calculated at 100 km. We use correlated
systematics between the near and the far detectors. The specification for the systematic errors
is adopted from Ref. [98] and listed in Table 10 for convenience.

5 Details of Simulation and Statistical Analysis

All of our numerical simulations are performed using the GLoBES software [99,100] with the
experimental description implemented as described in Section 4. In order to judge whether
or not two models can be distinguished using the data of ESSnuSB, we follow the statistical
procedure laid out in this section. In order to accomplish this, we introduce the chi-square
function

χ2(θ,D) = χ2
ESSnuSB(θ,D) + χ2

0(θ) , (5.1)

where χ2
ESSnuSB is the chi-square function for the ESSnuSB data alone, χ2

0 is the prior chi-
square coming from already performed experiments, θ is the set of parameter values in a
particular model, and D is the data obtained in ESSnuSB. For χ2

ESSnuSB, we use the default
GLoBES chi-square function

χ2
ESSnuSB(θ,D) =

∑
i

[
D̄i(θ)−Di +Di ln

(
Di

D̄i(θ)

)]
, (5.2)

where Di is the number of events in bin i and D̄i(θ) is the prediction for bin i of the model
being tested given the parameter set θ. We assume χ2

0 to be the same prior as used in Section 3.
In order to answer the question of whether Model A can be excluded if Model B is true,

we assume that the data gathered in ESSnuSB will be the Asimov data [101] corresponding
to Model B being true with particular parameter values θBtrue. We then minimize χ2(θA, D)
for the predictions of Model A in order to find the best-fit parameters of Model A and take
this χ2 as a measure of whether or not Model A could be ruled out if Model B were true.
In the cases, where the true Model B is taken to be a one-parameter model, we present our
results as a function of the true parameter θBtrue, and when it is taken to be a model with two
parameters, our results are presented as the profiled χ2, i.e., as a function of one of the true
parameters minimized over the other.

Note that, since we include the current priors in the χ2 function, it may occur that even
if Model B is true, Model A provides a better fit to the ESSnuSB data together with the
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prior. This will be particularly true when the assumed true Model B is disfavored relative to
Model A by current data. The interpretation of such a result should therefore be that the
data of ESSnuSB will not be able to provide sufficient discriminatory power to overcome the
fact that Model B is disfavored by current data. On the other hand, if χ2 of the test Model A
is significantly larger than that of the assumed true Model B, then Model A could be ruled
out by the ESSnuSB result if Model B is the model implemented in Nature.

In addition to testing models against each other, we simulate the case where the oscillation
parameters take particular values and consider the level at which the different models could
be rejected in such a case. In order to do this, we follow the very same procedure as outlined
above with the difference that all models are compared to the global χ2

min, i.e., we minimize χ2

with respect to all of the leptonic mixing parameters (θ12, θ13, θ23, and δCP) and compare this
to χ2

min in each model. Note that the number of d.o.f. is taken to be 3 for the one-parameter
models and 2 for the two-parameter models as the models are being compared to the case
where all four mixing parameters (three angles and δCP) are left free. In all cases, we fix the
mass-squared differences to their current best-fit values from Table 7.

6 Results: Addressing Flavor Models with ESSnuSB

In Fig. 3, we show the comparison of the one-parameter models 1.1–1.5, where each panel
corresponds to different assumed true models and the horizontal axes represent the assumed
true parameter value in the true model. The different curves show the resulting χ2

min in the
different models, including both the prior and the Asimov data from ESSnuSB. In each panel,
the curve of the assumed true model is drawn in black in order to highlight it. Note that,
due to the addition of the prior, χ2 of the true model is not equal to zero despite using the
Asimov data for ESSnuSB. For each model, χ2

min is therefore equal to the minimum of the
prior for that model. This also means that it is possible for an assumed true model to give a
worse fit than another model, even in the case where the ESSnuSB data are generated from
that model. The interpretation of this should be that the ESSnuSB data will not be sufficient
to overcome the preference for the other model that is present in the current data.

For the one-parameter models, we see from Fig. 3 that the models essentially split into
two different groups, one group including Models 1.1, 1.2, and 1.4 and another including
Models 1.3 and 1.5. The reason is that Models 1.1, 1.2, and 1.4 predict sin δCP = 0, whereas
Models 1.3 and 1.5 predict | sin δCP| = 1. If the ESSnuSB data is generated assuming a model
from one group, then χ2 of all models in that group remains more or less the same, whereas the
models from the other group are strongly disfavored due to the ESSnuSB precision to δCP. For
example, looking at the top-left panel, where Model 1.1 is assumed to be true, χ2 of Models 1.1,
1.2, and 1.4 remain essentially the same regardless of the assumed true value of the parameter
θ, while the other models would be excluded at a level of around 7σ, where we use

√
∆χ2,

where ∆χ2 is the difference in χ2
min between the models, as the sensitivity estimator [102].

Correspondingly, Model 1.1 would be strongly excluded when data is generated from any of
Models 1.3 and 1.5.

In Figs. 4–8, we present the results for the two-parameter models. As the two-parameter
models have several parameters, each panel shows the results for particular choices of the
true parameter shown on the horizontal axes profiled over the other parameter, e.g., in Fig. 4
(upper-left panel), the curves show how χ2

min of the different models behave as a function
of the true θ in Model 2.1 when minimized over the true value of φ. Unlike in the case
of the one-parameter models, the two-parameter models do not split into different groups.
Still, χ2 of the different models are highly dependent on the assumed true model, but also on
the true parameter values assumed for those models. A remarkable feature is that, for the
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Figure 3: Comparison among the five allowed one-parameter models as test models for
ESSnuSB using priors. Each panel shows the quantity χ2

min, given a true model, as a function
of the model parameter θ in its 3σ interval θ3σ presented in Table 8. In each panel, χ2

min for the
given true model is displayed with a black solid curve (when acting as a test model), whereas
it is marked for the five test models by curves corresponding to their respective model colors.
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Figure 4: Comparison among the five allowed two-parameter models as test models for
ESSnuSB using priors in the cases the model parameters φ (upper row) and θ (lower row) are
minimized and corresponding to the first (left column) and the second (right column) best-fit
points in Table 8 for Model 2.1 as the true model. For description of each panel, see Fig. 3.

three models that provide the best fit to the current neutrino oscillation data, the ESSnuSB
data make those models the preferred one if they are assumed as the true model for most
of the parameter space. As such, the ESSnuSB data can also help in the rejection of other
models, in particular those that are relatively close in χ2 at the present time, even for the
two-parameter models where the regions of the leptonic mixing parameters are more extended
than for the one-parameter models, cf. Figs. 1 and 2. The addition of the ESSnuSB data is
sufficient to disfavor most other models at at least 3σ for Models 2.1–2.3. As discussed earlier,
the two-parameter models give degenerate fits of θ and φ to current data, corresponding to
δCP < 0 or δCP > 0, since the values of the other leptonic mixing parameters are the same.
In other words, the two-parameter models are symmetric for the degenerate values of θ and
φ apart from the prediction for δCP and this feature is reflected in Figs. 4–8, where the exact
symmetry is broken by the different phenomenology for different values of δCP at ESSnuSB.
For example, the symmetry is more prominent in Fig. 4 and less prominent in Fig. 6. This can
be understood, since for Model 2.1, the neutrino oscillation probabilities are not very different
when δCP → −δCP, while they are different for Model 2.3. Another interesting feature to note
is that the sensitivities for Models 2.4 and 2.5 are very similar. The reason is that these two
models predict similar values of all leptonic mixing parameters except for θ12.

It is also possible to compare models with different number of parameters. As performing
the full analysis using all ten models from the one- and two-parameter cases would result in
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Figure 5: Comparison among the five allowed two-parameter models as test models for
ESSnuSB using priors in the cases the model parameters φ (upper row) and θ (lower row) are
minimized and corresponding to the first (left column) and the second (right column) best-fit
points in Table 8 for Model 2.2 as the true model. For description of each panel, see Fig. 3.

figures that would be extremely cluttered, we present the comparison of the one- and two-
parameter models that are the current best fits to the available data, i.e., Models 1.1 and 2.1.
The resulting comparisons are shown in Figs. 9 and 10 assuming Model 1.1 and 2.1 to be
the true model, respectively. From these figures, we can see that the two models could be
separated by around 6σ or more, depending on the true model parameters. The reason for this
is that Model 1.1 predicts a value of δCP of 180◦, whereas the values predicted by Model 2.1
are spread, but closer to 0 than 180◦. Thus, the measurement of δCP by ESSnuSB will be able
to provide a good discriminator between the models.

In Fig. 11, we present the capability of ESSnuSB to exclude the one-parameter models in
the sin2 θ23(true)–δCP(true) plane. For the other neutrino oscillation parameters, we assume
the following true values sin2 θ12 = 0.310, sin2 θ13 = 0.02237, ∆m2

21 = 7.39 · 10−5 eV2, and
∆m2

31 = 2.528 · 10−3 eV2. If the true values of the leptonic mixing parameters chosen by
Nature fall in the shaded region and the Asimov data is assumed, then the model under test
will be excluded at the shown confidence level. We observe that, for all five models, no model
would survive at 1σ and the region of true parameters for which the models would survive at
3σ shrink in size as we progress from Model 1.1 to Model 1.5. The reason is the following: as
we go from Model 1.1 to Model 1.5, the fit of the models to the current data becomes worse,
and therefore, they can be excluded at higher confidence level by ESSnuSB, in particular
as they are relatively bad fits at the present time with the current best-fit values for the
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Figure 6: Comparison among the five allowed two-parameter models as test models for
ESSnuSB using priors in the cases the model parameters φ (upper row) and θ (lower row) are
minimized and corresponding to the first (left column) and the second (right column) best-fit
points in Table 8 for Model 2.3 as the true model. For description of each panel, see Fig. 3.

leptonic mixing parameters. Since Models 1.1, 1.2, and 1.4 predict δCP = 180◦, the regions
where these models cannot be ruled out are around δCP(true) = 180◦, and since Models 1.3
and 1.5 predict δCP = ±90◦, the regions remain close to δCP(true) = ±90◦, which is due to
the excellent δCP measurement capability of ESSnuSB. Therefore, if the true value of δCP is
close to the present best-fit point (indicated by stars), then Models 1.1, 1.2, and 1.4 can be
excluded at more than 5σ, whereas Models 1.3 and 1.5 will still be consistent with the current
data at 5σ. From the different panels, we also note that for Models 1.3–1.5, for some of the
true values of sin2 θ23(true) the models could also be excluded by ESSnuSB at 3σ, but this
is not the case at 5σ. This is due to the relatively poor capability of ESSnuSB to measure
the leptonic mixing angle θ23. Furthermore, we have checked that the global χ2

min is larger
at δCP(true) = 90◦ and smaller at δCP(true) = −90◦ in the lower octant of θ23(true). For
Models 1.3 and 1.5, this is the reason why the exclusion around δCP(true) = −90◦ is stronger
than around δCP(true) = 90◦.

Finally, in Fig. 12, we present the same as in Fig. 11, but for the two-parameter models.
For the same reason as discussed for the one-parameter models, as we progress from Model 2.1
to Model 2.5, the regions where the models cannot be ruled out become smaller. We observe
that for Models 2.1 and 2.2, there is a region where the models cannot be ruled out even at
1σ, whereas for Models 2.3–2.5, such regions do not exist. If the true values of θ23 and δCP

remain close to the current best-fit values, then Models 2.1 and 2.2 would be compatible with
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Figure 7: Comparison among the five allowed two-parameter models as test models for
ESSnuSB using priors in the cases the model parameters φ (upper row) and θ (lower row) are
minimized and corresponding to the first (left column) and the second (right column) best-fit
points in Table 8 for Model 2.4 as the true model. For description of each panel, see Fig. 3.

the Asimov data at 5σ, while Models 2.3–2.5 would be compatible at 3σ. Note that although
Model 2.1 leads to a better fit to the current data than Model 2.2, the parameter region where
Model 2.1 cannot be ruled out is smaller than that of Model 2.2 (in particular, the 1σ region).
This is due to the fact that the precision of ESSnuSB on δCP is best near 0 and, since Model 2.1
predicts δCP ∈ (±11.6◦,±62.2◦), whereas Model 2.2 predicts δCP ∈ (±58.7◦,±87.6◦), we find
a smaller region for Model 2.1 than for Model 2.2. It is important to note that although
Model 2.1 predicts a very narrow range of sin2 θ23 around 0.55, the region of sin2 θ23(true)
where it cannot be excluded is rather broad. This is due to the poor θ23 measurement capability
of ESSnuSB, which was discussed earlier. This may be mitigated by combining the LBL data
with the sample of atmospheric neutrinos that the detector would collect [66].

7 Summary and Conclusions

In this work, we have investigated the capability of the proposed long-baseline neutrino oscil-
lation experiment ESSnuSB to discriminate between a class of lepton flavor models along with
testing the viability of such models. In the framework of the discrete symmetry approach to
lepton flavor, we have reviewed various lepton mixing patterns arising from breaking a flavor
symmetry Gf (or its CP version GCP) to residual symmetries Ge and Gν of the charged lepton
and neutrino mass matrices. We have classified these patterns according to the number of free
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Figure 8: Comparison among the five allowed two-parameter models as test models for
ESSnuSB using priors in the cases the model parameters φ (upper row) and θ (lower row) are
minimized and corresponding to the first (left column) and the second (right column) best-fit
points in Table 8 for Model 2.5 as the true model. For description of each panel, see Fig. 3.

parameters entering the predicted form of the leptonic mixing matrix UPMNS. Further, we have
concentrated on one- and two-parameter patterns originating from relatively small (in terms
of the number of elements) discrete groups. Namely, we have considered eleven one-parameter
models with the free parameter θ, arising from GCP = S4oCP [24] and A5oCP [31] (see also
Refs. [32, 33]) broken to Ge > Z2 and Gν = Z2 × CP, and seven two-parameter models with
the free parameters θ and φ, originating from Gf = A4, S4, and A5 broken to Ge (Gν) = Z2

and Gν (Ge) > Z2 [20,21]. Since both residual symmetries are non-trivial, but one of them is
Z2, these models have a relatively high predictive power, providing at the same time necessary
freedom in fitting them to the data.

First, to test the compatibility of the models with the current neutrino oscillation data,
we have fitted the models with a simple χ2 function using the current best-fit values of the
three leptonic mixing angles as the true values, see Eqs. (3.1) and (3.2). We have listed all
eleven one- and seven two-parameter models according to how well they fit the current data.
We have also calculated the 3σ ranges of the free parameter θ for the one-parameter models
as well as θ and φ for the two-parameter models, see Table 8. Second, using the 3σ ranges of
the free parameters, we have calculated the predicted values of the leptonic mixing parameters
for these models. We have found that among the eleven one-parameter models, six models
are already excluded by the current data at more than 3σ, see Table 9 and as partly shown in
Fig. 1. However, all seven two-parameter models are consistent with the individual 3σ ranges
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Figure 9: Comparison between the best one-parameter model (Model 1.1) and the best two-
parameter model (Model 2.1) for ESSnuSB using priors. The panel shows the quantity χ2,
given Model 1.1 as the true model, as a function of the model parameter θ in its 3σ interval
θ3σ presented in Table 8. The value of χ2

min for Model 1.1 is displayed with a black solid curve
(when acting as a test model), whereas it is marked for Model 2.1 (i.e., the test model) by a
black dotted curve.

of the leptonic mixing angles, see Fig. 2. For our analysis with ESSnuSB, we have selected
only those models that are allowed by the current data within 3σ, which are Models 1.1–
1.5 and 2.1–2.5. Among the five allowed one-parameter models, Models 1.3 and 1.5 predict
| sin δCP| = 1 and θ23 = 45◦, whereas Models 1.1, 1.2, and 1.4 predict sin δCP = 0 with θ23
lying in the higher octant. For the two-parameter models, all models (i.e., Models 2.1–2.5)
predict the higher octant of θ23. Furthermore, the predictions for δCP of Models 2.3–2.5 are
compatible with CP conservation, while Model 2.2 predicts δCP close to maximal CP violation.
On the other hand, Model 2.1 is compatible with neither CP conservation nor maximal CP
violation.

Next, we have studied the capability of ESSnuSB to distinguish the different one- and two-
parameter models. We have found that the one-parameter models, which predict sin δCP = 0,
i.e., Models 1.1, 1.2, and 1.4, can be separated from the one-parameter models that predict
| sin δCP| = 1, i.e., Models 1.3 and 1.5, by at least 7σ, as can be seen from Fig. 3. However, it is
not possible to discriminate among Models 1.1, 1.2, and 1.4 and also not between Models 1.3
and 1.5. For the two-parameter models, we have found that ESSnuSB suggests Models 2.1–2.3
to be the most preferred models if they are assumed to be the true models for most of the
parameter space, see Figs. 4–8. In general, ESSnuSB is helpful to disfavor the other models.
In addition, we have studied the capability of ESSnuSB to discriminate between Models 1.1
and 2.1, which are the models that lead to the best fit to the current data for the one- and
two-parameter models, respectively. We have found that Models 1.1 and 2.1 can be separated
by 6σ or more (cf. Figs. 9 and 10), depending on the true parameter values assumed. Finally,
while studying the capability of ESSnuSB to exclude models, we have found that if the best-fit
point (after the running of ESSnuSB) remains close to the current best-fit point from global
neutrino oscillation data, then Models 1.1, 1.2, and 1.4 are excluded by ESSnuSB at more
than 5σ. However, Models 1.3, 1.5, 2.1, and 2.2 are consistent with the data at 5σ and
Models 2.3–2.5 are consistent with the data at 3σ, see Figs. 11 and 12.
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Figure 10: Comparison between the best two-parameter model (Model 2.1) and the best
one-parameter model (Model 1.1) for ESSnuSB using priors. The upper (lower) panels show
the quantity χ2

min, given Model 2.1 as the true model, as function of the model parameter θ (φ)
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Figure 11: Compatibility of the five allowed one-parameter models with any potentially true
values of sin2 θ23 and δCP for ESSnuSB. For the other neutrino oscillation parameters, we
assume the following true values sin2 θ12 = 0.310, sin2 θ13 = 0.02237, ∆m2

21 = 7.39 · 10−5 eV2,
and ∆m2

31 = 2.528 · 10−3 eV2. A star (“?”) indicates the present best-fit values of sin2 θ23 and
δCP from global neutrino oscillation data. The contours correspond to the indicated number
of sigmas for 3 d.o.f.
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Figure 12: Compatibility of the five allowed two-parameter models with any potentially true
values of sin2 θ23 and δCP for ESSnuSB. For the other neutrino oscillation parameters, we
assume the following true values sin2 θ12 = 0.310, sin2 θ13 = 0.02237, ∆m2

21 = 7.39 · 10−5 eV2,
and ∆m2

31 = 2.528 · 10−3 eV2. A star (“?”) indicates the present best-fit values of sin2 θ23 and
δCP from global neutrino oscillation data. The contours correspond to the indicated number
of sigmas for 2 d.o.f.
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